INTEGRAL AFFINE SCHUR WEYL RECIPROCITY 



QIANG FU 

Abstract. Let £>&(n) be the double Ringel-Hall algebra of the cyclic quiver A(n) and let / Z> A (n) 
be the modified quantum afline algebra of 3D A (n). We will construct an integral form for 
2? A (?i) such that the natural algebra homomorphism from £>A(n) to the integral affine quantum 
Schur algebra is surjective. Furthermore, we will use Hall algebras to construct the integral form 
^fe(fl'n) °f tne universal enveloping algebra U(gl n ) of the loop algebra gl n = £)[ n (Q) ® Q[t, t _1 ], 
and prove that the natural algebra homomorphism from Wz(gl n ) to the affine Schur algebra over 
Z is surjective. 



1. Introduction 

The representation of the general linear group GL(n, C) and the symmetric group & r over C 
are related by Schur- Weyl reciprocity (cf. [21]). This reciprocity is also true over Z. That is, 
the natural algebra homomorphisms 

U z {gi n ) -)■ End z[&r] (V® r ), Z[©r] End Uz(sln) (V® r ) 

are surjective, where Uz(gl n ) is the Kostant Z-form [15] of the universal enveloping algebra 
U(gl n ) of gl n := gl n (Q), and V is the natural module for Uz(gl n ) (see [3, 4, 6]). The quantum 
Schur-Weyl reciprocity between quantum gl n and Hecke algebras of type A in the generic case 
was established in [14] and the integral quantum Schur- Weyl reciprocity was proved in [7, 9]. 
Furthermore, the cyclotomic Schur-Weyl reciprocity between quantum groups and Ariki-Koike 
algebras was investigated in [2, 20, 1, 12]. 

Let 2> A (n) be the double Ringel-Hall algebra of the cyclic quiver A(n) over Q(t>), where v 
is an indeterminate. Then £) A (n) is isomorphic to the quantum loop algebra U(g[ n ) defined 
by Drinfeld's new presentation (cf. [5, 2.3.5]), where gl n = g\ n (8>Q[t,t _1 ] is the loop algebra 
associated to gl n . In [5, 3.6.3], it is proved that the natural algebra homomorphism £ r from 2) A (n) 
to «S A (n, r) is surjective, where <S A (n, r) is the affine quantum Schur algebra over Q(v) (with v an 
indeterminate). It is natural to ask whether this result is true over any field. Before discussing 
this problem, we have to construct a suitable integral form for 2) A (n). Let Z = Zff,?;" 1 ]. A 
certain Z-submodule of 5D A (n), denoted by S? A (n), was introduced in [5, (3.8.1.1)], and it is 
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conjectured in [5, 3.8.6] that D A (ra) is a ^-subalgebra of 2> A (n). If this conjecture is true, then 
S) A (n) becomes an integral form for 3? A (n). 

Let 3} A (n) be the modified quantum affine algebra of £> A (n). Associated with 35 A (n), we 
will construct a certain free Z-submodule of 2) A (n), denoted by 3? A (n), such that 2) A (n) = 
£> A (ra) ®z <Q>(f)- We will prove in 4.2 and 4.3 that £> A (n) is a Z-subalgebra of 5> A (n) and the 
natural algebra homomorphism ( r from D A (n) to S A (n, r) is surjective, where «S A (n, r) is the affine 
quantum Schur algebra over Z. 

Let 2) A (n) (resp., £> A (n)) be the completion algebra of 2) A (n) (resp., £> A (n)). We will see in 
4.4 and 4.5 that the double Ringel-Hall algebra 2) A (n) can be regarded as a subalgebra of 2) A (ra) 
and we have a proper inclusion S3 A (n) C S A (n) n 2) A (n). Furthermore we will prove in 6.5 that 
this proper inclusion becomes an equality in the classical case. More precisely, we will use Hall 
algebras to construct a certain lattice, denoted by Ui(Ql n ), of the universal enveloping algebra 
U(gl n ) of gl rr Let j) A (n)(Q (resp., £> A (n)z) be the completion algebra of S) A (n) %z Q (resp., 
£> A (w) ®z Z), where Q and Z are regarded as modules by specializing u to 1. We will prove 
in 6.5 that Uz(Ql n ) = 2) A (n)z H U(Ql n ). Here £/(0t„) is regarded as a subalgebra of S) A (n)Q via 
the map ip defined in 6.4. In particular, we conclude that Uz(Ql n ) is a Z-subalgebra of U(gl n ) 
and hence U%(gl n ) is the integral form of U(gl n ). As the quantum affine case, there is a natural 
surjective algebra homomorphism rj r : U(Ql n ) — >■ 5 A (n, t)q, where <S A (n, r)dj = 5 A (n, r) (g).z Q. We 
will prove in 6.7 that the restriction of r\ r to Uz(gl n ) yields a surjective Z- algebra homomorphism 
r? r : Uz{gl n ) ->■ 5 A (n,r)z, where 5 A (n,r) z = 5 A (n,r) 02 Z (cf. [10]). 

We organize this paper as follows. In §2, we will recall the definition of the double Ringel-Hall 
algebra 2) A (n) and the modified quantum affine algebra 2D A (n) of 2) A (n). We collect in §3 several 
results concerning affine quantum Schur algebras. In §4 we will construct the iJ-submodule £> A (n) 
(resp., £) A (n)) of 2) A (n) (resp., 2) A (n)) and prove in 4.2 that S A (n) is a 2-subalgebra of 3} A (n). 
In addition, we will prove in 4.3 that the natural algebra homomorphism ( r from £) A (n) to the 
integral quantum affine Schur algebra 5 A (n, r) is surjective and establish certain relation between 
£) A (n) and 2) A (n) in 4.5. In 5.3, we derive certain commutator formulas in 2> A (n), which will 
be used in §6. Finally, we will use Hall algebras to introduce the free Z-submodule W^(g[ n ) of 
U(gi n ), and prove in 6.5 and 6.7 that Uz(qI h ) is a Z-subalgebra of U(gi n ) such that the natural 
algebra homomorphism 7] r : Uz(sl n ) — > 5 A (n, r)% is surjective. 

Notation 1.1. For a positive integer n, let M A) „(Q) be the set of all matrices A = (aij)ij e z 
with dij G Q such that 

(a) ciij = a i+n j +n for i, j G Z; 

(b) for every ieZ, both sets {j G Z | a^j / 0} and {j G Z | / 0} are finite. 
Let 9 A (n) = G M A , n (Q) | Oij G N, 
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Let Z£ = | Xi G Z, Ai = A,„„ for i € Z} and N™ = {(A^ e z eZ A n |A,^0 for i G 

Z}. We will identify Z™ with Z n via the following bijection 

(1.1.1) b:Z"^Z n , j—>Kj) = (ji, ■■■,*»). 

Let 2 = Z[i;,i; _1 ], where u is an indeterminate, and let Q(i>) be the fraction field of Z. 
Specializing v to 1, Q and Z will be viewed as ^-modules. 

2. Double Ringel-Hall algebras of cyclic quivers 

Let A(n) [n ^ 2) be the cyclic quiver with vertex set / = Z/nZ = {1,2, ... ,n} and arrow set 
{i — > i + 1 \ iel}. Let F be a field. For i E I, let Sj be the irreducible representation of A(n) 
over F with (S^ = F and (Si)j = for i ^ j. Let 

G^(n) := {4 G G A (n) | Oij = for i ^ j}. 

For any A = (djj) G 0^"(n), let 

Af(A) = M F (4) = a^M^, 

where M ,J is the unique indecomposable representation for A(n) of length j — i with top S^. 
For A G 6^(n) let d(A) G N7 be the dimension vector of M(A). We will identify NI with N" 
under (1.1.1). By definition we have 

(2.0.2) d(A) = (j2 

s.tez 

for A G 0a (n), 

For i,j G Z let E 1 ^- G ©a(w) be the matrix (e^tykjez defined by 

. . I 1 if k = i + sn, I = j + sn for some s G Z, 

e fc,z = ■( 

I otherwise. 

For A G N£ let 

A A = ^ \E^ +l G 0+(n). 

Then Mf(A\) is a semisimple representation of A(n) over F. 

The Euler form associated with the cyclic quiver A(n) is the bilinear form (—,—): Z™xZ™ — > Z 
defined by (A, /x) = £ 1<i<n ~ Ei^a for A,/i G Z™. 

By [19], for A,B,C G @+(n), there is a polynomial Z[t> 2 ] such that, for any finite field 

F q , ipAB\v 2 =q is equal to the number of submodules AT of Mf 9 (C) satisfying N = M Fq {B) and 
M ¥q (C)/N^M Fq (A). 
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Let 2> A (n) be the double Ringel-Hall algebra of the cyclic quiver of A(n) (cf. [22] and [5, 
(2.1.3.2)]). By [5, 2.4.1 and 2.4.4 and 3.9.2] we obtain the following. 

Lemma 2.1. The algebra £> A (n) is the algebra over Q(v) generated by u\, K^ 1 , u~ A (A G 
0&(n), i G Z) subject to the following relations: 

(1) Ki = K i+n , K.Kj = KjKi, K.Kr 1 = l, u + = u Q = 1; 

(2) K*u\ = v^ A )'tiu\K'i, u- A K* = v^^^K^u^, where = K{ 1 ■ ■ ■ K 3 n n fori G Z"; 



(3) ^ = E Cee /^ (d(4d(B)> ^,ro. 



(4) «A = E C6 e 4+W " (d(B) ' d(i)) ^ 

(5) commutator relations: for all A,/x G N", 

A-a=fi-/3^0 A-a=p-,8^0 

w/iere if" := (^i)" 1 • • • (^„)"" wito ^ = for v G Z£, and 

w ^ = t; 2Ei^^(A 1 -a,)(l-«.-ft) TT 1 

11 ,.2(Ai-ai) _ „2s ' 

0^3^Aj-aj-l 

Let UA(n) be the subalgebra of 2) A (n) generated by ii~t A , u^ A and if,^ 1 for 1 ^ i ^ n. The 
algebra U A (n) is a proper subalgebra of 2? A (w) and it is the quantum affine algebra considered 
in [17, 7.7]. 

Let :£>+(n) = span Q{v) {u\ \ A G @&(n)}, 3} A (n) = span Q(l)) {^ | ^ G A (n)}, and S)°(n) = 
spanQ(„){i^j I j G Z^}. Then we have 

(2.1.1) 5> A (n) = ^A(n)®®A(n)®5>A(fi)- 

For i G Z let ef G N™ be the element satisfying b(ef ) = = (0, • • • , 0, 1 , 0, • • • , 0), where b 

is defined in (1.1.1). Let n A (n) = {af := ef - ef +1 | 1 ^ j ^ n}. By 2.1 the algebra £> A (n) is a 
Z"-graded algebra with 

deg(n^) = ^ djaf , deg(u^) = - ^ c^af and deg(iff x ) = 

for ^4 G 0^" (n) and 1 < i < n, where (<Zj)j e z = d(A). For !/ £ Z" let 2) A (n)j, be the set of 
homogeneous elements in 2) A (n) of degree za Then we have 

Lemma 2.2. For A,j G Z^ and i G 2>a(™)a we /icwe if>i = t>j' A tlf> ; w/iere A • j = Si<j<n 

Proof. Clearly for A G A f (n) we have (d(A),j) = (deguj^) • j and —(d(A),j) = (degn^) • j. 
Combining this with 2.1(2) proves the assertion. □ 
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Following [16] we now introduce the modified quantum affine algebra 3} A (n) of 2> A (n). For 

A, n G Z™ we set 

A 2) A (n) M = 2> A (n) / ( £ j - v x ^ A (n) + £ 2) A (n)(^ - 

Let Tt\ t n '■ 2) A (ra) — ^ A^A( n )/i De the canonical projection. Let 

2>a(™) := A S)A(n) M - 

A.^ez™ 

Since a^aW^ = ©„ 6 zik(n) ^(©iW^), we have 2> A (n) = ©„ 6Zr]A(n) £> A (n) v , where 3> A (n)„ = 

Lemma 2.3. Assume A, /it G Z", G ZiI A (n) and v ^ \ — fi. Then we have ^^(^(n),;) = 0. 

Proo/. Let f G 2> A (n)„. By 2.2 we see that (tA - tZ^^A,^) = ^(Kit) - irx^HKi) = 
for 1 ^ i ^ n. Since v ^ \ — fi and t> is an indeterminate, there exist 1 ^ io ^ n such that 
■u A *o ^ t>Wo +i v Consequently, ir\^(t) = 0. □ 

We define the product in £> A (n) as follows. For A', //, A", //' € Z£ with A'-//, A"-//' € ZII A (n) 
and any t € 2) A (n)A'- M ', s G 2) A (n)A"- M ", define 



tta'X W^A'V'fs) 



7TA' )At "(is), if /x' = A" 
otherwise. 



Then by 2.3 one can check that 2? A (n) becomes an associative Q(v )-algebra structure with the 
above product. 

The algebra 2? A (n) is naturally a £> A (n)-bimodule defined by 
(2.3.1) t'TTy,\"(s)t" = ■nx'+v',\"-v"{t'st") 

for t' G S) A (n)^, s G 2> A (n), t" G 2> A (n)^/ and A', A" G Z™. 

3. Affine quantum Schur algebras 

For r ^ let S A (n, r) 1 be the affine quantum Schur algebra over Q(v) defined in [17, 1.9]. 
Recall the set A (n) defined in 1.1. The algebra S A (n,r) has a normalized Q(w)-basis {[A] \ A G 
6 A (n,r)} (cf. [17, 1.9]), where 

9 A (n,r) = {A G 9 A (n) | a(A) := ^ a i,i = r )- 

Let 2 = Z^-u -1 ], where w is an indeterminate. Let <S A (n,r) be the i?-submodule of S A (n,r) 
spanned by {[A] \ A G A (n, r)}. Then 5 A (n,r) is the 2^-subalgebra of <S A (n, r). 



lr The algebra S A (n,r) is denoted by il r ,n,n in [17, 1.9]. 
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For r ^ 0, let A A (n, r) = {A G N A | <r(A) := £ ls£i<n A * = r i- For A € A a(™, r ) and ^ G ©a(«, r), 
we have 



„ [A], ifA = ro(A); 
(3.0.2) [diag(A)] • [A] = { 1 U V and [A][diag(A)] = { 

0, otherwise; 



[A], ifA = co(A); 
0, otherwise, 



where ro(A) = (T, je z a i,j)iez and co (^) = (T, ie z a hj) je z ( see [ 17 ' 1 - 9 D- In Particular, we have 
(3.0.3) [diag(A)] [diag( M )] = <5 A ^[diag(A)] 

for A,/i£ A A (n, r). 

We now recall certain triangular relation in «S A (n, r), which will be needed in §3. First we 
need the following order relation =<! on © A (n). For A G A (n) and i ^ j £ Z, let 

^ijO 4 ) = X] fls '* if i < J ' and a hi( A ) = ^2 a s,ttfi>j- 

For A,B£ A (n), define 2? =<: A if cn,j(B) ^ <Jij(A) for all i / j. Put 5 -< A if 5 A and, for 
some pair with z 7^ j, aij(B) < aij(A). 

Let Qt( n ) ■= { A G ©A(n) I = for i = j}. For A G 0±(n) and j G Z£, define 
A(j,r) G S A (n,r) by 



A(j,r) 



EAG^n.r-^A)) " A " j [-4 + diag(A)] , if a(A) ^ r ; 
0, otherwise. 

For A G A (n), write A = A + + A~ with A+ G A (n), A~ G 6 A (n), where 

@-{n) := {A G 6 A (n) | Oij = for i < j}. 

The following triangular relation in «S A (n,r) is given in [5, 3.7.3]. 

Lemma 3.1. Xei (7 G A t (n). T/ien i/ie following triangular relation holds in SJn,r): 

C+(0,r)C-(0,r) = C(0,r) + ^ /* c , XJ;r X(j, r), 

x e e±(n) 

w/iere hc,Xj;r G Q{v). 

Using 3.1 one can construct a Z-basis for <S A (n,r) as follows. 

Corollary 3.2 ([5, 3.7.7]). The set {A+(0, r)[diag(A)]A~(0, r) | A G 6 A t (n), A G A A (n,r), A» ^ 
<Ti(A), fori ^ i ^ n} forms a Z -basis for 5 A (n, r), where Ui(A) = J2j<i( a i,j + a j,i)- 

The double Ringel-Hall algebra £> A (n) is related to the affine quantum Schur algebra in the 
following way (cf. [11, 17]). 
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Lemma 3.3. [5, 3.6.3] For r ^ 0, there is a surjective algebra homomorphism Q r : 3? A (n) ~» 
«S A (n, r) such that 

UK' S ) = 0(j,r), C r (u+) = A(0,r), and ( r (u^) = (U)(0,r), 

/or a// j G Z™ and ^4 G 0^"(n), where l A is the transpose matrix of A and = 
t ,dimEnd(M( J 4))-dimM(A) u ± 

For convenience, we set [A] = € <S A (n,r) for A G" A (n,r). Then we have the following 
commutation formula in «S A (n,r). 

Lemma 3.4. Let A G Z™ and ^ G ZLT A (n). 7/t G 3? A (n)^, iaen 

Cr(*)[diag(A)] = [diag(A + i/)]Cr(0- 

Proof. Applying (3.0.2) gives 

(3.4.1) C(0, r)[diag(A)] = [C + diag(A - co(C))] = [diag(A + ro(C) - co(C))]C(0, r) 
for C G A t (n) and A G Z™. Furthermore by (2.0.2), we conclude that 

(3.4.2) deg(i^) = to(A) - co(A) and deg(n^) = co(A) - ro(A) 

for A G A (n). Combining (3.4.1) and (3.4.2) shows that Cr(S^)[diag(A)] = [diag(A + 
deg(u\))]Cr(u~j L ) and £ r (n^)[diag(A)] = [diag(A + deg(u^))]£ r (u^). This finishes the proof. □ 

Finally, we prove that the map ( r : 2D A (n) — > <S A (n, r) induces a natural algebra homomorphism 
C r : 2> A (n) ->5 A (n,r). 

Lemma 3.5. There is an algebra homomorphism Q r : 3} A (n) — >■ <S A (n,r) suc/t i/iai 

Cr(vrA, M (n)) = [diag(A)]Cr(«)[diag(/i)] 

/or n G 2> A (n) and X,fiE Z™. 
Proof. Clearly we have 

[diag(A)]C r C ^ (K j - t/ J )2> A (n) + ^ 2) A (n)(^ - t^J)) [diag(/i)] = 

for A,/i G Z™. Thus £ r is well defined. 

Assume A', fi', A", //" G Z^ is such that A' - //, A" - At" G Zn A (n). Let t G £> A (n) A '_ M ' and s G 
2) A (n)A»- M ». If ^ A", then by (3.0.3), Cr{^X', ( i'(i)^X", f i"(s)) = = 6-(^A^*))4(flA'',/x"( s ))- 
If At' = A", then by (3.0.3) and 3.4, Cr(*r A vW)Cr(VM"( a )) = [diag(A / )]Cr(t)Cr(s)[diag(Ai")] = 

Cr(7TA' M "(* S )) = Cr(vTA' M '(t)VM"( S ))- D 

Recall that 3} A (n) is a 2D A (n)-bimodule defined by (2.3.1). 
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Lemma 3.6. We have Cr(uiU2U3) = (r(ui)(r(u2)(r(u3) for u\,us G 5} A (ra) an d U2 G 3} A (n). 



Proof. By 3.4, for \,fi,u',i/" G Z A and u' G S) A (n)^/, u" <G D^n)^/, u G 2) A (n) A _^, we 
have Cr(n')Cr(vrA, M (n))Cr(n") = Cr(«')Cr(«)[diag(^)]Cr(«") = Cr(«')Cr(«)Cr(«")[dia«(M - i/")] = 
C r (7r A +^, M -^"(u / W)) = Criu'irx^uju"). □ 

4. The integral form £> A (n) of 2j A (ra) 

Let D A (n) = span 2 {n^ | A G 6 A f (n)}, D A (n) = span^-fS^ | ,4 G 6 A h (n)}, and let D A (n) 
be the iJ-subalgebra of 2) A (n) generated by if^ 1 and K *'° for 1 ^ i ^ n and i > 0, where 

[ K f] = Ul=i ^Z:^ 1 - Let D A (n) = £+(n)2)>)2) A (n) and let 
(4.0.1) S) A (n) = span^S+l^ | A,B G 9+(n), A G Z™} C S> A (n), 

where 1 A = 7r AjA (l). Clearly by definition we have 

A(n)= 7r AiM (S) A (n)). 

Furthermore by (2.1.1), the set {u\l\Ug \ A, B G ©^(n), A G Z™} forms a JJ-basis for 2) A (n). 

In [5, 3.8.6], it is conjectured that £) A (n) is a i?-subalgebra of 2) A (n). We will prove in 4.2 
that the modified version £> A (n) of £) A (n) is a iT-subalgebra of 2D A (n), and prove in 4.3 that the 
restriction of ( r : 2> A (n) — > «S A (n, r) to T> A (n) gives a surjective algebra homomorphism from 
D A (n) to iS A (n,r). Furthermore we will establish certain relation between £) A (n) and £> A (ra) in 
(4.5.1). 

For A,B £ ®£( n ) we write 

(4-0.2) S B S+= Yl 9A,B,c^+ + u- c _ ) K{'---Kt^ 

cee±(n) 

where \C~) is the transpose matrix of C~ and <?a,_b,cj £ Q(^) 
For A,B£ 9^(n), C G 0^(n) and A G Z£, let 



Lemma 4.1. Fix A,B £ @&(n) and A G Z". T/ien u/e /icwe fA,B,c,\ £ ^ / or C £ @A = ( n )- 

Proof. Let I = {C G 6^(n) | / A b,c,a 7^ 0}. Then I is a finite set. It is enough to prove 
J := {C G I I fA,B,c,\ ^ Z} = %. Suppose this is not the case. We choose a maximal element 
Co in i7 with respect to =<;. Then fA,B,c ,\ Furthermore, we choose m > such that 
A + ml ^ co(C) for all C G 1. Let ,u = A + ml G N", where 1 = (• • ■ , 1, • • • , 1, • • • ) G A A (n, n). 
Let r = cr(/i) ^ 0. 
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Applying (3.0.3) gives 

CriKl 1 ■ ■ • ^r/MdiagOu)] = ^(w-^)ji+-+(^-i-/ 1 „)jn-i[ diag ( /x )] 

= t.( Al ~ A2 ^ 1+ - + ( A "- 1 - A "^- 1 [diag(/i)]. 

Combining this with 3.3 and (4.0.2) yields 

C r (5^)[diag( M )] = E ^, B ,CjG + (0,r)C-(0,r)C r (Kf •••^r i 1 )[diag(^)] 

cee±(n) 

= £ /A,B,C7,AC + (0,r)C-(0,r)[diag( /U )]. 

c e e±(n) 

Since Cr(S i3 : u^)[diag(/i)] = (*i?)(0, r)A(0, r)[diag(/i)] € <S A (n,r) we conclude that 

Y : = C,(^S+)[diag(/x)] - £ /a,b,c;,aC + (0, r)C"(0, r)[diag(/x)] 

cee±(n) 

(4.1.1) c ^ 

= E fAB,c,xC + (0, r)C- (0, r) [diag(/i)] E%,r). 

It follows from 3.1 that 

r= E /w,A(c(0,r) + E ^, j; ^(j,r)) [diag(/i)] 

= E /wi E tcA* + dia g(/" - c °(^))]) 

Cej V x e e±(») 7 

x=;c 

= E lx[X + diag(n-co{X))] 

XeG±(n) 

where t c ,c = 1, *C,x = £ j6 z« ^Xj^'^™^" for X ^ C and 

= E fA,B,C,\tc,X- 
cej 

This, together with (4.1.1) and the fact that the set {[T] \ T £ A (n, r)} forms a Z-basis for 
S A (n,r), implies that that lx £ Z for all X € ©^(n). Thus fA,B,c ,\ = ^c £ -2- This is a 
contradiction. □ 



Theorem 4.2. The Z -module ®&(n) is a Z-subalgebra o/35 A (n). Thus S) A (n) is the integral 
form for 3} A (n) . 
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Proof. By (4.0.2) and 4.1 we conclude that 

cee±(n) 

= Yl fA lt B 2 ,cA^A 2 l >^i+)^(C-) l ^~Bi) G ®dn)- 

cee±(n) 

for A\,A2, Bi,E>2 G 0a" (n) and A, ji G Z™. This proves the assertion. □ 

Corollary 4.3. By restriction, the map ( r defined in 3.5 induces a surjective algebra homomor- 
phism ( r : 2) A (n) — > <S A (n, r). 

Proof. Applying 3.6 yields 

Cr(2) A (n)) = span 2 {A+(0,r)[diag(A)]^-(0,r) | A G 0±(n), A G A A (n,r)}. 

Combining this with 3.2 and 4.2 proves the assertion. □ 

We end this section by studying the relation between £> A (n) and 2) A (n). We define the com- 
pletion algebra 2> A (n) of 2) A (n) as follows. Let S) A (n) be the vector space of all formal (possibly 
infinite) Q(u)-linear combinations Y,A,Bee+(n), Aez™ Pa,b,\Ua 1 \ u b satisfying 

(F): for any n G Z n , the sets {(A, £, A) | A, B G 0^ (n), A G Z™, /3 A>BiA / 0, A-deg(u B ) = //} 
and {(A, B, A) | A, B G 0^ (n), A G Z™, /3 a ,b,a # 0, A + deg(u^) = n} are finite. 

We define the product on 2? A (n) by 

Y Pab^IxUb Y 7A',b',x'u\,1 X 'Ub, = ^ PA,B,xlfA',B',x'{u^lxu^)(u%lyUs,) 

A,B,X A>,B>,\> a,bx 

A',B>,\> 

where {u\l\u~^)(u\,l\''u~ B ,) is the product in 2) A (n). Since {u\l\u~^)(u\,l\'U^ B i) is a linear 
combination of elements u~^l^u Y such that A + deg(uj^) = + deg(-u^) and A' — deg(ii^,) = 
— deg (iiy), the right hand side of the above equation is a well defined elements in CD A (n). In 
this way, £> A (n) becomes an associative algebra. The element J2x&™ is the unit element of 
2> A (n). 

Similarly, we may define the completion algebra D A (n) of £> A (ro). Then by definition, £> A (n) 
is the iJ-submodule of 2) A (n) consisting of those elements J2a Be@ + (n) xei n ^a,b,x u a^^ u b m 
2> A (n) with p A ,B,x G z for all A, B, A. 

Proposition 4.4. The map <1> : 2> A (n) — > 2> A (n) defined by sending u to X^AeZ™ /or « G 
2) A (n) zs an injective algebra homomorphism. 
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Proof. Let u G 2> a (?t.)a, w G £> A (ra) M , where X,fi G Zn A (n). Since l a w; = wl a ^^ for a € Z™, we 
have 



Thus $ is an algebra homomorphism. 

Now let us prove that $ is injective. Assume x = J2a Be0 + (n) jei" @ A ' B ,i u A^ u B e ker($>), 
where Pa,Bj G Q(^)- Then we have 

$(x) = ^ /5 A) Bj«Jlf j l A+deg(ui) «i 

A,see+(n) 



= E ( E /W A+deg(u * ))j W 



A+deg(« s ) U B- 



This implies that £\ gZ n /3 A ,Bj^ (A+deg(Us)) ' j = for A, B G 9^ (n) and A G Z™. By the proof of 
[8, 5.2] we see that det(i; ^'^^jgzp b] 7^ for a < b, where Z^ b j = {x G Z n | a ^ Xj ^ 6, for, 1 ^ 
i ^ n}. It follows that f$A,Bj = for all A, B,j and hence x = 0. The proof is completed. □ 

Remark 4.5. With the above proposition we may regard 2> A (n) as a subalgebra of CD A (ri). 
Clearly, we have 

(4.5.1) 2) A (n)cS A (n)n2> A (n). 

Note that 2) A (n) / S A (n)nS A (n). For example we have - ^ £ £ A ( n ). But - ^ = 

EagZ£ uAi2 $T 1i a G 2) A Hn2) A (n). Although D A (n) ^ 2) A (n) n £> A (n) , we will prove in 6.5 that 
the proper inclusion (4.5.1) becomes an equality in the classical case. 



5. The commutator formulas for 2> A (n) 

By [5, 1.4.3], 3D A (n) is generated by u~^ A , u^ A and Ki, for i,j G Z and i < j. Note that 
M(E^j) is the indecomposable representation of A(n) for all i < j. We derive commutator 
formulas between indecomposable generators of 2) A (n), which will be used in §6. 

For A = (ajj) G 6 A "(n), there is a polynomial a a = o,a(v 2 ) G Z in v 2 such that, for each 
finite field F with q elements, a.A\ v 2= q = | Aut(M&(A))\ (see [18, Cor. 2.1.1]). Furthermore, for 
A = (a,ij) G © A (n), set 

«<j,l^i<ri 
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Then dim F M(A) = d(A) for each finite field F. For A,B G 8^"(n), let 



(5.0.2) 



where 



L A)B = v <d(B),d(B)) J- ¥ ,Ai^B lu (d(B 1 ) 1 d(>l)+d(B)-d(B 1 )>^d(B)-d(B 1 ) u - iU + j 
Ai,Bi 

R AB = v {d{B) ' d(A ' )) ^^ 1 t;< d ( B )- d ( Bl )' d ( Al )> + < d ( B )' d ( Bl )^ d (- Bl )- d (- B )^ u B 

Ai,Bi 



,A u Bi a A x ggi „,20(A 2 )., ,„A , n B 

^A,B = 2^ U ^^A^B^A,, 

A 2 ee^(n) 

A^Bj a Ai Ogi „,20(A 2 )„ ,4 ,„B 

VA,B =-^~ Is v [ >a M^A 2 ,A^A 2 ,B 1 - 

A 2 ee+(n) 



By [5, 2.4.4] we have the following result. 
Lemma 5.1. For all A,B€ Q£(n), La,b = Ra,b- 
For s < t we let 

t-s-1 



n 





- 1 = 


"t-s-1" 


} 








n 



and set m SjS = 0. For % G Z, let i denote the integer modulo n. 

Lemma 5.2. Zei A = i? = wt/t i < j and k < I. Assume Ai, B\ G 6^(n). 
(1) If f^ 1 ^ 1 7^ 0; one o/ the following holds. 

(i) /Mi = A and B 1 = B, then tpf j* 1 = 1. 

(ii) // either A± ^ A or B± ^ B , then j = 1 and 



, Ai,Bi 

Va,b 



(V - l)t> ias i/ = ££ s and 5i = Eg s _ j+l for max{z, fe - / + j} < s < j, 



v 2 - 1)~ V a < if k - I + j = i and A 1 = B x = 0, 



y 2a k-l+j 



if k - I + j < i, Ai = and B\ = E^_ j+l , 
ifk-l + j>i,A 1 = E£ k _ l+j and B x = 0, 



where a s = m ijS + m k _i +j ^ s - m itj - m k ,i + m s j +j-s, for max{i, k -1+ j} ^ s ^ j. 
(2) If <Pab 1 7^ 0, t/ien one o/ £/ie following holds. 
(i) If A x = A and B 1 = B, then ip^f 1 = 1. 
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(ii) If either A\ / A or B\ ^ B, then i = k and 



' (v 2 - l)v 2b " if A 1 = Egj and B x = E^_ k+i for i < s < min{j, l-k + i}, 
(v 2 - 1)~ V 6 ^ if l-k + i = j and A x = B 1 = 0, 
v 2b > if l-k + i > j, A 1 = and B 1 = E^_ k+i , 



^ v 2b i-*+> if l-k + i <j, A x = E£_ k+iJ and B x = 0, 

where b s = m s j + m s+k -i,i - m itj - m k ,i + m iyS + s - i, for i ^ s ^ min{j, l-k + i}. 

Proof. Applying [5, (1.2.0.9)] yields a E * = v 2ms ' t (v 2 - 1) for s < t. Furthermore if A±,A 2 ^ 
G 6^(n), then 

E* t I 1 A\ = Eg X and A 2 = E A t for some s < x < t, 

VMM = \ 

I otherwise. 

since the module M(E^ t ) is uniserial. Now the assertion follows from the definition of f^ 1 ^ 1 • □ 

For convenience, we let d(E^ i ) = for any ieZ. Fix i < j and k < I. For max{z, k — l + j} < 
s ^ j let 

f a = 2a s + (d(^),d(^)) + (d(^ s _ j+ /),d(^) + d(E^)) 
fs = fs- fj = 2a s + (d(E^ s _ j+l ),d(E^)) " <d(^_ j+J) ,),d(^)> 
where a s is as in 5.2. Furthermore for i ^ s ^ min{j, I — k + i} let 

g s = 2b s + (d{Eh),d{E&) + (d(^),d«.)) + <d(i^,d(£ s V^))) 
g s =g s -g l = 2b s + (d(E A s ,d(E^))) - (d(E^), d(^ s+fe _J) 

where b s is as in 5.2. We can now prove the following commutator formulas in D A (n). 
Proposition 5.3. Assume i, j £ Z, i < j and k < I. 



(1) If j I and i / k, then ut A u pA = u pA u pA 

i,j k,l k,l i,j 



+ „.- — „.- „,+ 

a 

(2) Assume j = I and i ^ k. 

(i) If k — I < i — j, then 

u + EA u~ A -u- A u + EA = (v 2 - 1) v fs K s Kj l u EA u% A +v fi K i K- 1 u EA 

1,3 k,l k,l z,j A * J k,s — j+l 1,3 J k,i— 3+I 

i<s<j 

(ii) If k — I > i — j, then 

u E ,u- A - u EA u EA = {v 2 - 1) Yl ^K s K- l u- u+ A + v^-^K k Kr 1 u+ 

%,3 k,l k,l t,3 A * J k,s — 3+I 1,3 J i,k — 1+3 

k — l+j<S<j 

(3) Assume j ^ I and i = k. 
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(i) If k — I < i — j, then 



-u EA u+ A = (1-v 2 ) vH-KsK^u+t u EA -v^KjK^a 



i,j k,l k,l i,j * s,j s + fc — i,l j + k — i.l 

i<s<j 



(ii) If k — I > i — j, then 



u% A u EA -u EA u% A ={l-v 2 ) V v^KgK^u+z u EA -v^-^KiK^u 

i,j k,l k,l i,j * s.j s + fc — i,l 

i<s<l—k+i 



(4) Assume j = I and i = k. 

(i) Ifk-l = i-j, then E^ = Efo and 

u% A u~ A - u EA u EA = (v 2 - 1) V (v^KsK^u^ u EA - v 9s K s K~ l u EA u~ A ) 

i,j i,j i,3 i>3 i,s i,s s,j s,j 

i<S<j 

+ 3 — 2 ~ V\ 

v z — 1 

(ii) If k — I < i — j, then 

u% t u- Ai - u EA u% Aj = (v 2 i^KJ./u,^ „„. - K^u^u'^ ) 

i<s<j 

+ v^K l KT 1 u - -v^KT x KjU FA 

■i H,i-j+i 1 J ^j+k-i,i 

(iii) If k — I > i — j, then 

u EA u- A - u- A u EA = vf^K l K- 1 u+ + (v 2 - 1) Y, v fs K s Kj l u- A u+ A 

t,j k,l k,l t,j ° i,k — l-\-j ' ° k,s — j+l i,s 

k-l+j<s<j 

- v 9i-k+i K -i KjU + A -(v 2 -l) V v^Kr 1 K s u+ A u EA 

l — k+i,j s,j s+fc— i. 

i<s<l—k+i 



Proof. For convenience, we let u EA = u EA = 1 for s G Z. Let A = E^- and B = E^ v Recall 

from (5.0.2) the definition of L a ,b and R a ,b- Applying (3.4.2) gives that K d ^ = K dc ^ u ^ = 
K MC)-co(c) for c e e+( n ). i n particular we have = K S K^ for s < t. This together 

with 5.2 implies that 

fi 

La,a = v f i U - A u\ + (v 2 - 1) Y v f °K s K- 1 u EA u EAs + -^—jKiKr\ 

i<s<j 

Ra,a = v^u\vT A + (v 2 v 9 °K s Kr l u+ u - + Jj^K^Kj, 

s,j s,j V — 1 

i<s<j 
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and if A ^ B, then 
La,b '- 



v f iu B u~t ifjVi 



Ra,b 



v f iu B ut + (v 2 -l) Yl vf'KgK^u^ u+ A +v fa K a K j 1 u FA u+ A if j = I, 

a<s< j J a k,s-j+l ^i,s •> a k,a-j+l a i,a 

v^u\u B if i 7^ k, 

v^u\u B + {v 2 - I) £ v^K s K~ l u% A u~ A +v9bK b Kr 1 u + A u~ A ifi = k, 

i<s<b SJ s+fc-i,; 6j b+k— i,l 



where a = max{i, k — I + j} and 6 = min{j, / — k + i}. Combining this with 5.1 proves the 
assertion. □ 

6. The classical (v = 1) case 

Let U(gl n ) be the universal enveloping algebra of gl n , where gl n = 0l n (Q) <8> QlM" 1 ] is the 
loop algebra associated to the general linear Lie algebra 0l n (Q) over Q. Using Hall algebras, we 
will construct the Z-form Uz(gl n ) of U(gl n ) and prove in 6.5 that Uz(gl n ) is a Z-subalgebra of 
U(gl n ). In addition, we will prove in 6.7 that the natural algebra homomorphism from Uz(gl n ) 
to <S A (n, r)z is surjective, where <S A (n, r)z = <5 A (n, r) <S>z 2 is the affine Schur algebra over Z. 

Recall the set M A) „(Q) defined in 1.1. We will identify g\ n with M^ n (Q) via the following lie 
algebra isomorphism 

M A ,„(Q) — > 0l n , E£ j+ln — ► Sij ® i*, 1 < i, j < n, Z € Z. 

Let U + {g\ n ) (resp., U~(gl n ), U°(gl n )) be the subalgebra of U{gl n ) generated by (resp., Ej if 
E^), for 1 < i < n, j G Z and z < j. Then we have 

(6.0.1) W(0[J = U + (gl n ) ® W°(0l n ) ® W-(0U, 

Recall D A (n) = span^-fu^ | A € 6 A (n)} and D A (n) = span 2 {n A | A G ©a («)}■ Then D A (n) 
and £> A (n) are all 2-subalgebras of 5? A (n). Note that D A (n) = D A (n) op = £j A (n), where £ A (n) 
is the Hall algebra over Z associated with cyclic quivers A(n). Let D^ip^Q = D^{n) <E>z Q, 

®a ( n )z = S)a ( n ) ®2 z > ®a (")q = ®a ( n ) ®z Q an d £ A (n) z = 2> A ( n ) ®z z > where Q and 
Z are regarded as Z-modules by specializing v to 1. For ^4 G ©^(n) let u\ 1 = u\ ® 1 and 
u - x = u~ ® 1. 

Lemma 6.1 ([5, 6.1.2]). There is a unique injective algebra homomorphism 6 + : T>£(n)Q — > 
W(0l n ) (resp., 0- : D A (n) Q -> W(flij; taking u+ A h-> £A (resp.,u~ A h-> j j or fflH i < ; - 

suc/j f/iai 9 + (®£(n)Q) = U + {g\ n ) and 0~(D A (n) Q ) = W _ (0[J. 

We now use 6.1 to introduce the integral form Uz{gl n ) for U(gl n ). Let U^{g\ n ) = 
+ (2) A f (n)z) and U%(gl n ) = 0~(D&(n)z). Let ^/|(gl n ) be the Z-submodule of U{gl n ) spanned 
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by Ili^n ( E tf) . for A G N ™ . wh ere 



A,;! 



Let 



E f 



Wz(0U=W+( gW°(gl n )W z -( l n ) = span z | U ;+ fj ^ J | A, B G 0+(n), A G f^j, 
where n;^ = 6> + (nj[ 1 ) and = 0~(ug 1 ). 

Lemma 6.2. T/ie sei {w+ Jli^n W B I A ' B € A G N™} .forms a Z-6asis /or 

Z4(gLj and W(fl\) = U z (qI h ) ® z <Q>. 

Proof. By [15] and [13, 26.4] we conclude that the set { Oi^i^n 

j A € N"} forms a O-basis 

for U°(gl n ). Now the assertion follows from (6.0.1) and 6.1. □ 

To prove that Uz(gl n ) is a Z-subalgebra of U(Ql n ), we need some preparation. Recall £> A (n) 
defined in (4.0.1). Let £> A (n)Q = £> A (n) ® z Q. By 4.2, 33 A (n) Q is a Q-algebra. For A G A (n) 
and A G Z™, let 1 = u\ <8> 1, x = «^ <8> 1 and 1a,i = \\®\. By 5.3, we immediately get the 
following result. 

Lemma 6.3. Let i, j G Z, i < j and k <l. The following formulas hold in 2) A (n)Q. 
(%) // j / /" and i / fc, tfien lA,in+ A ,u~ A , = 1a,i^ra ,4* r 
(2) If j = I and i ^k, then 



h,i(4 A ,iV,,i n ££,,i n £A.,i) 



(3) If j ^ I and i = k, then 

(4) If j = I and i = k, then 



ifk-l<i-j 



l Aj in+ ifk-l>i-j 



-1a,i«e a i ifk-l<i-j 

j-\-k—i,l : 

i ifk-l>i-j 



1a,i(4',iV„i n ^,,i n E A ,i) 

1 fe,Z 1 fc,i ' ' 



(Aj - Aj)l Ai i 
!a,i( u 



_E A 1 ^£;a 



1a,iK\ , + .,i-<a, + 



ifk-l = i-j 
1 ) ifk-l<i-j 
x) ifk-l>i-j 
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Mimicking the construction of lX> A (n), let S) A (n)<Q be the Q- vector space of all formal (possibly- 
infinite) Q-linear combinations Y1,a _Bee + (n) agz™ @a,b,\Ua \^\,i u ^ i satisfying the property (F) 
with a similar multiplication. This is an associative Q-algebra with an identity: ^Aez™ 1^,1- 
The algebra U(gl n ) is related to the algebra 2) A (n)<Q in the following way (cf. 4.4). 

Proposition 6.4. There is an injective algebra homomorphism if : U(gl n ) — > 2) A (n)Q suc/i i/iai 
vC-^ij) = Eag^^a^Ia.i, y(-E^i) = Eagz™ "^..i 1 *' 1 and = Eagz™^ 1 *,! /° r * < J 

anc? A G Z™. Furthermore we have tp( w A~) = EagZ" u a and f(w^) = J2\ez n U A l^-M /o r 
AG6+(n). 

Proof. For x,y £ £) A (ro)Q we set [x, y] = xy — yx. Then by (3.4.2) we have in S) a (ti)q, 



(6.4.1) 



agz™ agz™ ' J agz™ ' ' Aez™ 



= (%-^,/) E 4^,1^,1- 
agzi 1 



Applying [5, 6.1.1] yields 



(6.4.2) 



E ^a.,! 1 ^' E u %J^ = E (* 

agz™ l ' ] agz™ ' J agz™ 



,+ 



E v.,! 1 ^ 1 ' E v,,! 1 ^ 1 = E (*. 

AGZ" l ' J AGZ" ' J AgZ™ 



fc+i-i.j'- 1 " ^i+k-j,l 



J ij U E£^. , ,1 u k,j u E 



.JlAT 
JlA.1- 



for i < j and A; < I. Furthermore, it is easy to see that U(gl n ) has a presentation with generators 
E^- (1 ^ i ^ n, j G Z), and relations: 

(a) [^,^] = (%-%)^- 

(b) = <Sj,fc^ J+i -* " ^j+i-i ^ i ^ j and fc ^ I. 

This, together with 6.3, (6.4.1) and (6.4.2), implies that there is an algebra homomorphism 
<P ■ U{&n) -> S A (n)Q defined by sending to Eagz™ u e & i 1 ^ E h to Eagz™ u e* i 1 ^ 1 ' and 
£%i to Eagz™ ^!a,i- 

Using an argument similar to the proof of 4.4, we can show that there is an injective Q- 
algebra homomorphism p + : ^( n )Q ~> £>a(«)q (resp., p~ : D A (h)q ->■ £>a(^)q) taking u\ 1 i-> 
Eagz™ u Xi 1a .! ( resp -' n A,i ^ Eagz™ ^,1^,1) for ^ e ©a («)■ Since ^^(^J = ^(n^ J 
and 3 A t (n)Q is generated by . for i < j, we see that ip o Q± = p± and hence 

(p(w%) = <p o ± (n^ 1 ) = p ± {u% 1 ) = Y "ti 1 ^. 1 

AGZ" 



for A G 0^ (n). 
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Finally, we prove that ip is injective. Assume 

x= J2 k A,BjW+ Yl {E^'wg G ker(p), 
A,Bee+(n),jeN™ 

where Au,Bj € Q- Then 

where //j = /xj 1 • • ■ /z^"- This implies that SjeN™ ^A,Bjl^ = for all A, By [5, 6.3.3], we 
have det^^jezp + for any Z ^ 1, where Zj» = {A € Z n | < \ < Z - 1, Vi}. It follows that 
kA,B,j = for all A, B,j and hence x = 0. The proof is completed. □ 

We will identify U(gl n ) with the subalgebra (p(U(Ql n )) of D a (ti)q via ip, and hence identify 

W A with Eagz™ u a,i 1a > 1 for A G ®a etc - 

Let£) A (n)^ = 2) A (n) ®z Z and let 2) A (n)z be the Z-submodule of J) A (n)Q consisting of those 
elements ^A,Bee+(n), Aez™ ^,s,a u Xi 1a ' iU s,i in ®a(^)q with Pa,b,\ G Z for all A,£,A. Then 
by 4.2, S) A (n)z is a Z-subalgebra of S) A (n)Q. We can now prove that Wz(fl[ n ) is a Z-subalgebra 
of «(&,). 

Theorem 6.5. VFe have Uz(Ql n ) = 2) A (n)z nZY(gl n ). In particular, Uz(Ql n ) is a Z-subalgebra of 

uQ n ). 

Proof. Clearly Uz(gl n ) C 2) A (ra)z (~lW(gl n ). On the other hand, if x G S) A (n)z nW(fll n ), then by 
6.2, we may write 

x= V ^./jiwt II r ,,! lw" R = V ( > ' k A _ B.xi 7 ] \u\ ,Liu 



A,lW%l' 



= e n (?)«»= e (e^OO) 

A,see+(n) K^n V J/ A, Be e+(n) V AeN 4 " v /y 

where &u,b,a € Q and (^) = IL^n (a-)- Since x G ®a(^)z we have 

fcA,B^ + Yl ^A,B,X ( ^ ) = kA > B > X ( A J € ^ 

agn™,<t(a)< ct ( m ) ^ / AeN™ V ' 

for A,B<£ Q A (n) and ^ G N A , where, as before, cr(/x) = Xa^nM*- Using induction on cx(//), 
we conclude that &A,B,^ £ Z for all ^,5 6 @ A f (^) and /x € N A , and hence x G Wz(fll n )- This 
proves the first assertion. Since 2) A (n)z is a Z-subalgebra of 2) A (n)(Q by 4.2, we conclude that 
Ux{Q\ n ) = 2) A (n)z ("I W(fll n ) is a Z-subalgebra of W(gl n ). □ 

Finally we will establish affine Schur-Weyl reciprocity at the integral level. Let <S A (n, r)q = 
S A (n,r) ® z Q and 5 A (n,r) z = 5 A (n,r) <g) Z Z. For ^ G 6 A (n) and A G A A (n,r), let A(0,r)i = 
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A(0,r) 01 £ S A (n, r)q and [diag(A)]i = [diag(A)] 01 G S A (n, r)q>. The following result is due to 
[5, 6.1.3 and 6.1.4] (cf. [23]). 

Lemma 6.6. There is a surjective algebra homomorphism rj r : U(gl n ) — > S A (n, r)q such that 
VriEfj) = E^ j (0,r) 1 for i ^ j and ri r (E^) = £ AeA&(njr ) Ai[diag(A)]i. Furthermore we have 
r] r (w\) = A(0,r)i and f] r (w A ) = t A(0,r) 1 for A G Q A (n). 

Theorem 6.7. The restriction of r\ r to Uz(gi n ) gives a surjective Z-algebra homomorphism 
Vr ■ Wz(fl[„) -» S A (n,r)z- 

Proof. Since ^{Efy = J2aeMn,r) / i i[diag(//)]i for 1 < % ^ n, by (3.0.3), we conclude that 



n(f))= e (;W)i. 



for A G N". It follows that j\ r (ili^n (Iv*)) = t dia g(^)]i for ^ G M n i »*)• This, together with 
6.6 implies that 

^(Wz(fli„)) = span z {A+(0,r) 1 [diag(A)]iA~(0,r)i | A G 9±(n), A G A A (n,r)}. 
Combining this with 3.2 and 6.5 proves the assertion. □ 
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